I. INTRODUCTION
Domaradzki et al. [8] performed an analysis of spectral energy transfer and triadic interactions in a turbulent channel 78 flow, using a similar 2D approach to that employed here. The use of 2D conditional statistics for the study of 79 turbulent flow structure and scales of motion in a reacting flow is similarly not new. In particular, Kolla et al. [2] 80 performed a conditional analysis of velocity and reactive scalar spectra in the flame brush of a premixed shear-driven 81 turbulent reacting flow. In their study, one-dimensional (1D) spectra were averaged in 2D planes in which the flow 82 was homogeneous, and conditional statistics were computed based on the average value of the combustion progress 83 variable within each plane.
84
In the following, details of the numerical simulation are described first, followed by the formulation of the SKE 85 transport equation and a description of how inter-scale advective kinetic energy transfer can be characterized in 86 premixed reacting flows, particularly through the calculation of triadic interactions. Results from the DNS are then 87 presented and conclusions are provided at the end.
88

II. DETAILS OF THE NUMERICAL SIMULATION
89
The present analysis is based on data from a new turbulent premixed reacting flow DNS performed using the code 
where u i is the velocity vector, ρ is the density, p is the pressure, e 0 is the specific total energy, ϑ is the temperature, Y to µ), the mass diffusivity is denoted λ, and k is the thermal conductivity. Each of the transport coefficients has a 96 power-law dependence on temperature ϑ given by 97 µ = ρ r ν r (ϑ/ϑ r ) n , (5) k = ρ r α r c p (ϑ/ϑ r ) n , (6) λ = ρ r D r (ϑ/ϑ r ) n .
Here n is a constant, ν r , α r , and D r are the kinematic viscosity, thermal diffusivity, and mass diffusivity at the unburnt 98 reactant conditions ϑ r and ρ r , and c p = γR/M (γ − 1) is the specific heat capacity at constant pressure. The Lewis 99 number in the present DNS, Le = α r /D r , is unity. The reaction rate,ẇ, is modeled using first-order, single-step
100
Arrhenius kinetics as
where B is the pre-exponential factor and Q is the activation energy. The corresponding chemical energy release all simulation parameters for both the flame and inert HIT are provided in Table I .
108
The physical configuration examined here is that of a turbulent premixed flame in an unconfined domain. The x 3 axis, which is also the direction of the mean flow generated by fluid expansion due to heat release in the flame. The 119 domain is much longer in the x 3 direction, L x3 = 32L, in order to allow sufficient space for the flame to be initialized 120 and to propagate for many eddy turnover times without leaving the domain through either of the x 3 boundaries.
121
The reactive mixture considered here has laminar flame properties similar to those of an atmospheric, stoichiometric
122
H 2 -air flame [17, 19] . In particular, the laminar flame speed is S l = 302 cm/s and the laminar flame thermal width
032 cm, where ϑ p = 2135 K is the burnt products temperature, ϑ r = 293 K is 124 the unburnt reactants temperature, and (dϑ/dx) L,max is the maximum temperature gradient in the laminar flame.
125
Turbulence conditions correspond to the thin reaction zones regime [20] with Damköhler number Da = 0.74 and
126
Karlovitz number Ka = 20.7; the corresponding location of the present DNS on the combustion regime diagram is 127 shown in Fig. 1 . Here Da and Ka are defined using the laminar flame thermal width δ l , the laminar flame speed S l ,
128
and the integral length and velocity scales in the reactants, and U , as
where τ c ≡ δ l /S l is the chemical time scale, and τ ed ≡ /U and τ k ≡ (ν r /ε) 1/2 are the eddy turnover and Kolmogorov
130
timescales, respectively, in the unburnt reactants. Using classical scaling arguments, it is assumed in obtaining Eq.
131
(10) that the kinetic energy dissipation rate ε is given as ε = U 3 / in the unburnt reactants.
132
The DNS is well resolved, with 64 computational cells spanning one δ l and two grid cells spanning the Kolmogorov at one instant from the DNS, where the vorticity is defined using the alternating tensor ijk as ω i = ijk ∂u k /∂x j .
147
Figure 3(a) shows that dilatation is strongest near the premixed flame, while Fig. 3(b) shows that there is an increase 148 in kinetic energy from the reactants to the products due to the increase in u 3 as a result of fluid expansion. Figure   149 3(c) shows that there is a large suppression of vorticity magnitude across the flame, most likely due to the combined 150 effects of dilatation and increasing viscosity.
151
The physical model, numerical algorithms, and simulation setup used here have also been described in prior studies The effects of premixed flames on inter-scale energy transfer are analyzed in the present study using the SKE compressible Navier-Stokes equation given by
where T i represents nonlinear advective processes, P i represents pressure gradient forcing, V i represents shear viscous 168 diffusion, and D i represents dilatational viscous effects.
169
In nearly all practical reacting flows, the lack of three homogeneous directions prevents the use of the 3D Fourier 
where (·) denotes a 2D Fourier transform, κ = [κ 1 , κ 2 ] is the 2D wavevector, and all of the terms in the above equation
177
depend on κ, x 3 , and t.
178
The SKE at different locations in the flame brush is defined as E(κ, x 3 , t, Y ) ≡ 
186
A budget equation for SKE can be obtained from
where the time derivative approximately commutes with the conditional average provided that the rate of change 188 of Y is much slower than the rate of change of rather than x 3 , can be used to indicate location in the flame brush. As a result, the ensemble conditional average can 193 be replaced by a spatial-temporal conditional average, which then allows Eq. (13) to be rewritten as
where ∂ E/∂t = 0 follows from the statistical stationarity of the flow and · now denotes an average over all x 3 and 195 t. Substituting Eq. (12) into Eq. (14) then gives the transport equation for E in a statistically stationary flow as
Here the terms on the right are given generically as for LES, can then be estimated from directly connected to the transfer of energy between specific scales of motion due to nonlinear inertial processes.
232
Individual triadic contributions to T are given by
for i ∈ {1, 2, 3} and j ∈ {1, 2}. Integration of T (κ, ζ, Y ) over all possible ζ gives the net spectral transfer
which is the in-plane component of the advective transfer T (κ, Y ) appearing in Eq. (15).
235
Wavevectors can be combined via shell integration in order to derive discrete isotropic transport terms, resulting 236 in the spectral shell relations given by
where ζ ≡ |ζ|, ξ ≡ |ξ| becomes an independent variable within the range |κ − ζ| ≤ ξ ≤ |κ + ζ|, and ∆ ζ and ∆ ξ 238 represent wavenumber shell widths. In Eq. (18), the intermediate quantity T κζ is given by summing over all ξ as This quantity can be interpreted as a measure of the energy exchange between the wavenumbers κ and ζ [6], at a 240 particular Y location. In particular, T κζ is negative when κ gives energy to a particular ζ, and T κζ is positive when 241 κ receives energy from a particular ζ.
242
It should be noted that the summation over ξ in Eq. (19) can be split into various contributions, revealing further 
251
It is emphasized that even though triadic inter-scale interactions are present for each of the energy transfer terms in
252
Eq. (15), the present analysis is focused specifically on triads and energy transfer due to nonlinear advective processes.
253
Nonlinear advection is responsible for moving energy conservatively from one velocity scale to another and is thus of HIT of premixed reactants, E κ,hit (κ = L −1 ), with the same turbulence properties as the unburnt reactants (see Table   260 I). This allows a direct comparison to be made of the intensity and scaling of non-reacting and reacting turbulence 
264
The spectra in Fig. 4 undergo substantial changes through the flame brush from reactants to products, displaying may deviate from that found in non-reacting incompressible turbulence, these spectra do not provide any direct 272 information on the specific nature of net energy transfer. Such information, however, is provided in Fig. 5 , which
273
shows spectra of the total isotropic advective transport, T κ , the in-plane isotropic advection, T κ , and the isotropic 
283
This reversal, which represents net energy backscatter near δ l , is also evident in Fig. 5 (f), which shows that Π is to here is net backscatter that consists of both down-scale and up-scale energy transfer due to advective processes. 
290
The specific scales of motion contributing to up-scale transfer of energy at a particular wavenumber can be deter-291 mined from T κζ , which is the in-plane transfer of energy between wavenumbers κ and ζ. Figure 6 shows the detailed interactions between all ζ and κ pairs down to scales four times smaller than δ l for non-reacting HIT and for flame of energy from large to small scales (i.e., low to high wavenumbers) for each κ, with wavenumber κ receiving energy 306 from wavenumbers ζ < κ and donating energy to wavenumbers ζ > κ. The collection of curves shown in Fig. 7(a) 307 thus represents a net forward cascade of energy from large to small scales.
308
At locations in the flame brush near the products, by contrast, the direction of energy transfer is reversed, with 309 wavenumber κ donating energy to wavenumbers ζ < κ and receiving energy from wavenumbers ζ > κ. The strength of 310 the resulting net energy backscatter is, however, substantially weaker than the down-scale transfer near the reactants 311 shown in Fig. 7(a) . The substantial reduction in magnitude of the triadic transfer terms is also evident in the overall 
V. SUMMARY AND CONCLUSIONS
327
In the present analysis, the effects of premixed flames on spectral properties of turbulence have been quantified 
332
Changes to the turbulent energy transfer are apparent in the kinetic energy spectra (Fig. 4) . In particular, these [3], a spatially-local scale decomposition must be performed, for example using wavelets. Such an analysis is the subject of future work.
358
In addition to extending the analysis to 3D, the present study of scale interactions may also be extended in several Le. Similarly, as ever greater computational resources become available, the results presented herein using single-step 365 premixed chemistry can be re-examined using a multi-step chemical mechanism.
366
Finally, in the present analysis only energy transfer associated with nonlinear advective processes has been examined.
367
Although these processes are most directly connected with turbulent inter-scale energy transfer, which is the focus error decreases with increasing scale separation between the time derivatives of these two quantities.
386
Introducing the arbritrary random variables X and Y , both of which depend on time t, we seek to show that
where the operator · is taken here to represent an ensemble average. Beginning with the left-hand side of Eq. (20),
388
the time derivative of a conditional average at time t can be written using the fundamental theorem of calculus as
By contrast, application of the fundamental theorem of calculus to the right-hand side of Eq. (20) gives
Due to the linearity of the conditional average, this expression can be further rewritten as
Comparison of Eqs. (21) and (23) shows that the primary differences between these two relations are the times at 392 which the conditioning on Y is computed. Using Taylor expansions, however, the conditioning variables Y (t + h) and 393 Y (t − h) can be approximated as X(t + h) − X(t − h) X(t)
and therefore Y (t + h) ≈ Y (t) ≈ Y (t − h).
399
In the specific case of the premixed reacting flow studied here, the conditioning variable Y (x 3 , t) is a spatial average 
